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Abstract
The purpose of this paper is to study a strong convergence of multi-step iterative scheme to a common fixed point for a finite
family of strongly pseudo-contractive mappings. As a consequence, the strong convergence theorems for the modified multi-step
iterative sequence to a solution of systems of strongly accretive operator equations are obtained in real uniformly smooth Banach
spaces. The results presented in this paper improve and extend the corresponding Xu [Y. Xu, Ishikawa and Mann iterative processes
with errors for nonlinear strongly accretive operator equations, J. Math. Anal. Appl. 224 (1998) 91–101] and Noor, Rassias and
Huang [M.A. Noor, T.M. Rassias, Z. Huang, Three-step iterations for nonlinear accretive operator equations, J. Math. Anal. Appl.
274 (2002) 59–68], and many others.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Mann and Ishikawa iteration processes have been studied extensively by various authors for approximating either
fixed points of nonlinear mappings or solutions of nonlinear operator equations in Banach (see, e.g., [3,5,7,8,10,11,14,
18,21,23]). Recently, Chidume [4], Liu [13], Osilike [19] and Xu [22] introduced the concepts of Isikawa and Mann
iterative processes with errors for nonlinear strongly accretive mappings in uniformly smooth Banach spaces. On the
other hand Noor [16], has suggested and analyzed three-step iterative methods for finding the approximate solutions
of the variational inclusions (inequalities) in a Hilbert space. Glowinski and Le Tallec [9] used three-step iterative
schemes to find the approximate solutions of the elasto-viscoplasticity problem, liquid crystal theory, and eigenvalue
problem. It has been shown in [9] that the three-step iterative scheme gives better numerical results than the two-step
and one-step. In 2002, Noor, Rassias and Huang [17] had suggested the three-step iteration process for solving the
nonlinear strongly accretive operators equations in a real uniformly smooth Banach spaces. Moreover, Plubteing and
Wangkeeree [20] introduced and studied a multi-step scheme with errors to approximate fixed points of asymptotically
nonexpansive mappings in a Banach spaces. These facts motivated us to introduce and analyze a class of multi-step
iterative scheme with errors for solving nonlinear strongly accretive operator equations in a real uniformly smooth
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Banach space. Our results can be viewed as an extension of three-step and two-step iterative schemes of Noor, Rassias
and Huang [17], and many others.
Algorithm 1.1. Let K be nonempty convex subset of a uniformly smooth Banach space X and let T1, . . . , TN :
K −→ K be mappings. For any given x ∈ K , and a fixed positive integer N , the sequences {xn} defined by
x1 = x ∈ K ,
x1n = α1nxn + β1nT1xn + γ 1n u1n,
x2n = α2nxn + β2nT2x1n + γ 2n u2n,
...
xn+1 = xNn = αNn xn + βNn TN xN−1n + γ Nn uNn , n ≥ 1,
(1.1)
where {α1n}, . . . , {αNn }, {β1n }, . . . , {βNn }, {γ 1n }, . . . , {γ Nn } are sequences in [0, 1] with αin + β in + γ in = 1 for all
i = 1, 2, 3, . . . , N and {u1n}, {u2n}, . . . , {uNn } are a bounded sequence in K .
This iteration scheme (1.1) is called the multi-step iteration with errors. These iterations introduce the
Mann–Ishikawa-three-step iterations as a special case.
If N = 3, T1 = T2 = T3 := T , αn = α3n, βn = β2n , γn = γ 1n and γ in ≡ 0 for all i = 1, 2, . . . , N then (1.1) reduces
to the three-step iterations defined by Noor, Rassias and Huang [17]:
xn+1 = (1− αn)xn + αnT yn, n ≥ 1,
yn = x2n = (1− βn)xn + βnT zn, n ≥ 1,
zn = (1− γn)xn + γnT xn, n ≥ 1,
(1.2)
where {αn}, {βn}, {γn} are three real sequences in [0, 1].
If N = 2, T1 = T2 := T , α′n = α1n, β ′n = β1n , γ ′n = γ 1n , αn = α2n, βn = β2n and γn = γ 2n , then (1.1) reduces to the
Ishikawa iterative process with errors defined by Xu [22]:{
xn+1 = αnxn + βnT yn + γnun,
yn = α′nxn + β ′nT xn + γ ′nvn, n ≥ 1. (1.3)
where {αn}, {α′n}, {βn}, {β ′n}, {γn}, {γ ′n} are six sequences in [0, 1] satisfying the conditions αn + βn + γn = 1 =
α′n + β ′n + γ ′n for all n ≥ 1 and {un}, {vn} are bounded sequences in K .
It is our purpose in this paper to establish several strong convergence theorems of multi-step iterative scheme
with errors for approximating either common fixed points of nonlinear strongly pseudocontractive mappings or
solutions of nonlinear strongly accretive operator equations. The results presented in this paper extend and improve
the corresponding ones announced by Noor, Rassias and Huang [17], Xu [22], and many others.
2. Preliminaries
Now, we recall the well-known concept and results.
Throughout we assume that X is a real Banach space and X∗ is the dual space of X . Let J denote the normalized
duality from X to 2X
∗
defined by
J (x) = { j ∈ X∗ : (x, j) = ‖x‖‖ j‖, ‖ j‖ = ‖x‖} (2.1)
where (·, ·) denote the generalized duality pairing.
Definition 2.1. A mapping T : X −→ X is called strongly accretive if there exists a constant 0 < k < 1 such that for
each x, y ∈ X there is a j ∈ J (x − y) satisfying
(T x − T y, j (x − y)) ≥ k‖x − y‖2 (2.2)
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Definition 2.2. An operator T with domain D(T ) and range R(T ) in X is called strongly pseudo-contractive if for all
x, y ∈ D(T ), there exists j (x − y) ∈ J (x − y) and a constant 0 < k < 1 such that
(T x − T y, j (x − y)) ≤ (1− k)‖x − y‖2. (2.3)
It is well known (see, for example, Theorem 13.1 of Deimling [6]) that for any given f ∈ X the equation
T x = f (2.4)
has a unique solution if T : X → X is strongly accretive and continuous, on X is uniformly smooth and T : X → X is
strongly accretive and demicontinuous (i.e., xn → x ⇒ T xn ⇀ T x). Martin [15] has also proved that if T : X → X
is continuous and accretive then for any given f ∈ X the equation
x + T x = f (2.5)
has a unique solutions.
The concept of accretive mapping was introduced independently by Browder [1] and Kato [12] in 1967. An early
fundamental result in the theory of accretive mapping, due to Browder, states that the initial value problem
du(t)
dt
+ Tu(t) = 0, u(0) = u0
is solvable if T is locally Lipschitzian and accretive on X . The reader is referred to Browder [2] for more details of
the theory of accretive operators.
In the following, we shall use the following lemmas.
Lemma 2.1 ([22]). Let X be a real uniformly smooth Banach space and let J : X −→ 2X∗ be the normalized duality
mapping. Then for any x, y ∈ X we have
‖x + y‖2 ≤ ‖x‖2 + 2(y, j), ∀ j ∈ J (x + y).
Lemma 2.2 ([2]). X is a uniformly smooth Banach space if and only if J is single valued and uniformly continuous
on any bounded subset of X.
Lemma 2.3 ([13]). Let an, bn , and cn be three nonnegative real sequences satisfying
an+1 ≤ (1− tn)an + bn + cn, n ≥ 0,
with tn ∈ [0, 1),Σ tn = +∞, bn = o(tn), and Σcn < +∞. Then limn→∞ an = 0.
3. Main theorems
In this section, we study the strong convergence of multi-step iterative process with errors defined by (1.1) for the
strongly pseudo-contractive mappings.
Theorem 3.1. Let X be a real uniformly smooth Banach space and let K be a nonempty bounded closed convex subset
of X, and let T1, T2, . . . , TN : K −→ K be strongly pseudo-contractive mappings. Suppose F = ∩Ni=1 F(Ti ) 6= φ
and the sequence {xn} be defined by (1.1), where {α1n}, . . . , {αNn }, {β1n }, . . . , {βNn }, {γ 1n }, . . . , {γ Nn } are sequences
in [0, 1] with αin + β in + γ in = 1 for all i = 1, 2, . . . , N and satisfying the conditions:
(i) limn→∞ β in = 0 ∀i = 1, 2, . . . , N and Σ+∞n=0βNn = +∞;
(ii) limn→∞ γ in = 0, ∀i = 1, 2, . . . , N − 1 and Σ+∞n=0 γ Nn < +∞.
Then {xn} converges strongly to the unique common fixed point of T1, . . . , TN .
Proof. Since T1, . . . , TN are strongly pseudo-contractive mappings there exists j (x − y) ∈ J (x − y) and ki ∈ (0, 1)
such that
(Ti x − Ti y, j (x − y)) ≤ (1− ki )‖x − y‖2, ∀x, y ∈ X. (3.1)
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Let k = min{ki : i = 1, . . . , N } and q ∈ F . Since {u1n}, . . . , {uNn } are bounded and K is bounded, we can set
d = max
{
max
1≤i≤N
sup
n≥0
{‖uin − q‖}, max1≤i≤N supx∈K{‖Ti x − q‖}, ‖x1 − q‖
}
. (3.2)
Obviously d <∞. Next we will prove that for all n ∈ N, ‖xn − q‖ ≤ d.
In fact, for n = 1 is clearly right. Assume the inequality is true for n = k. Then for n = k + 1,
‖xk+1 − q‖ = ‖αNk xk + βNk TN xN−1k + γ Nk uNk − q‖
≤ αNk ‖xk − q‖ + βNk ‖TN xN−1k − q‖ + γ Nk ‖uNk − q‖
≤ (αNk + βNk + γ Nk )d = d.
So, from the above discussion, we can conclude that
‖xn − q‖ ≤ d, ∀n ≥ 1. (3.3)
Let v1n = (T1xn − q, j (x1n − q)− j (xn − q)) and vin = (Ti x i−1n − q, j (x in − q)− j (x i−1n − q)) for i = 2, . . . , N . By
Lemma 2.1, we obtain
‖x1n − q‖2 = ‖α1nxn + β1nT1xn + γ 1n u1n − q‖2
= ‖α1n(xn − q)+ (β1n (T1xn − q)+ γ 1n (u1n − q))‖2
≤ (α1n)2‖xn − q‖2 + 2((β1n (T1xn − q)+ γ 1n (u1n − q)), j (x1n − q))
≤ (α1n)2‖xn − q‖2 + 2β1n (T1xn − q, j (x1n − q))+ 2γ 1n (u1n − q, j (x1n − q))
≤ (α1n)2‖xn − q‖2 + 2β1n (T1xn − q, j (xn − q))
+ 2β1n (T1xn − q, j (x1n − q)− j (xn − q))+ 2γ 1n (u1n − q, j (x1n − q))
≤ ((α1n)2 + 2β1n (1− k))‖xn − q‖2 + 2β1nv1n + 2γ 1n d2
≤ ((1− β1n )2 + 2β1n (1− k))‖xn − q‖2 + b1n + c1n
≤ ((1− kβ1n )+ β1n (β1n − k))‖xn − q‖2 + b1n + c1n
where b1n = 2β1nv1n, c1n = 2γ 1n d2. Since β1n −→ 0 as n → ∞, there exists m1 ∈ N such that β1n − k ≤ 0 for all
n ≥ m1. This implies that
‖x1n − q‖2 ≤ (1− kβ1n )‖xn − q‖2 + b1n + c1n ∀n ≥ m1.
Next, we note that
‖x2n − q‖2 = ‖α2nxn + β2nT2x1n + γ 2n u2n − q‖2
= ‖α2n(xn − q)+ (β2n (T2x1n − q)+ γ 2n (u2n − q))‖2
≤ (α2n)2‖xn − q‖2 + 2((β2n (T2x1n − q)+ γ 2n (u2n − q)), j (x2n − q))
≤ (α2n)2‖xn − q‖2 + 2β2n (T2x1n − q, j (x2n − q))+ 2γ 2n (u2n − q, j (x2n − q))
≤ (α2n)2‖xn − q‖2 + 2β2n (T2x1n − q, j (x1n − q))
+ 2β2n (T2x1n − q, j (x2n − q)− j (x1n − q))+ 2γ 2n (u2n − q, j (x2n − q))
≤ (α2n)2‖xn − q‖2 + 2β2n (1− k)‖x1n − q‖2 + 2β2nv2n + 2γ 2n d2
≤ (α2n)2‖xn − q‖2 + 2β2n (1− k)((1− kβ1n )‖xn − q‖2 + b1n + c1n)+ 2β2nv2n + 2γ 2n d2
≤ ((α2n)2 + 2β2n (1− k)(1− kβ1n ))‖xn − q‖2 + 2β2n (1− k)b1n + 2β2nc1n(1− k)+ 2β2nv2n + 2γ 2n d2
≤ ((α2n)2 + 2β2n (1− k))‖xn − q‖2 + b2n + c2n
≤ ((1− kβ2n )+ β2n (β2n − k))‖xn − q‖2 + b2n + c2n
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where b2n = 2β2nb1n(1 − k) + 2β2nv2n + 2β2nc1n(1 − k), c2n = 2γ 2n d2. Since β2n −→ 0 as n → ∞, there exists m2 ∈ N
such that β2n − k ≤ 0 for all n ≥ m2. This implies that
‖x2n − q‖2 ≤ (1− kβ2n )‖xn − q‖2 + b2n + c2n, ∀n ≥ m2.
By continuing the above method, there exists a nonnegative real sequence bNn = 2βNn bN−1n (1 − k) + 2βNn cN−1n (1 −
k)+ 2βNn vNn and cNn = 2γ Nn d2 such that
‖xn+1 − q‖2 = ‖xNn − q‖2 ≤ (1− kβNn )‖xn − q‖2 + bNn + cNn
for all n ≥ m0 := max{m1, . . . ,mN }.
This implies that
‖xn+1 − q‖2 ≤ An‖xn − q‖2 + bn + cn (3.4)
where An = (1− kβNn ), bn = bNn and cn = cNn .
The inequality (3.4) reduces to
an+1 ≤ (1− tn)an + bn + cn, n ≥ m0,
where ‖xn − q‖2 = an and kβNn = tn .
Next, we show that (Ti x i−1n − q, j (xNn − q) − j (xN−1n − q)) −→ 0, as n → ∞. Since limn→∞ β in = 0 and
limn→∞ γ in = 0,
‖(x1n − q)− (xn − q)‖ = ‖α1nxn + β1nT1xn + γ 1n u1n − xn‖
≤ β1n‖T1xn − xn‖ + γ 1n ‖u1n − xn‖
−→ 0 as n →∞,
for all i = 2, . . . , N ,
‖(x in − q)− (xn − q)‖ = ‖αinxn + β inTi x i−1n + γ inuin − xn‖
≤ β in‖Ti x i−1n − xn‖ + γ in‖uin − xn‖
−→ 0 as n →∞,
and for i = 3, . . . , N ,
‖(xn − q)− (x i−1n − q)‖ ≤ β i−1n ‖xn − Ti−1x i−2n ‖ + γ i−1n ‖xn − ui−1n ‖
−→ 0 as n →∞.
This, we have {xn − q}∞n=1, {x in − q}∞n=1 and {Ti x i−1n − q}∞n=1 are bounded sets. Indeed, from Lemma 2.2, since
X is uniformly smooth Banach space, j is single valued and uniformly continuous on any bounded subset of X . This
implies that
(T1xn − q, j (x1n − q)− j (xn − q)) −→ 0 as n →∞,
(Ti x i−1n − q, j (x in − q)− j (xn − q))→ 0 as n →∞,
and
(Ti x i−1n − q, j (xn − q)− j (x i−1n − q))→ 0 as n →∞.
Since (Ti x i−1n −q, j (x in−q)− j (x i−1n −q)) = (Ti x i−1n −q, j (x in−q)− j (xn−q))+(Ti x i−1n −q, j (xn−q)− j (x i−1n −
q)) for all n ≥ 1, it follow that
(Ti x i−1n − q, j (x in − q)− j (x i−1n − q))→ 0 as n →∞.
This implies that
lim
n→∞
(
bn
kβNn
)
= 0. Therefore bn = o(kβNn ).
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We note that
∑∞
n=1 cn =
∑∞
n=1 2γ Nn d2 < ∞. Hence, by Lemma 2.3, limn→∞ ‖xn − q‖ = 0 and therefore
xn → q ∈ X as n →∞. Finally, we will show that q is a unique common fixed point of T1, . . . , TN . Suppose q∗ ∈ F
is another common fixed point of T1, . . . , TN , we have
‖q − q∗‖2 = (Tiq − Tiq∗, j (q − q∗)) ≤ (1− ki )‖q − q∗‖2.
Since ki ∈ (0, 1), we obtain the equality that q = q∗. This completes the proof. 
For N = 3, T1 = T2 = T3, αn = β3n , βn = β2n , γn = β1n and γ in ≡ 0 for all i = 1, 2, . . . , N , in Theorem 3.1, then
we obtain the following result.
Corollary 3.2 ([17]). Let X be a real uniformly smooth Banach space and let K be a nonempty bounded closed
convex subset of X, and let T : K −→ K be a strongly pseudo-contractive mapping. Let q be a fixed point of T and
let the Ishikawa iteration sequence {xn} be defined by (1.2); satisfying
lim
n→∞αn = 0, limn→∞βn = 0, limn→∞ γn = 0 and
+∞∑
n=1
αn = +∞.
Then {xn} converges strongly to the unique fixed point of T . 
For N = 2, T1 = T2, α′n = α1n, β ′n = β1n , γ ′n = γ 1n , αn = α2n, βn = β2n and γn = γ 2n in Theorem 3.1, we can obtain
Ishikawa-type convergence result for two mappings.
Corollary 3.3 ([22]). Let X be a real uniformly smooth Banach space and let K be a nonempty bounded closed
convex subset of X, and let T : K −→ K be a strongly pseudo-contractive mapping. Let q be a fixed point of T and
let the Ishikawa iteration sequence {xn} be defined by (1.3); satisfying the following conditions;
(i) limn→∞ βn = 0 and Σ+∞n=1βn = +∞;
(ii) limn→∞ β ′n = 0;
(iii) limn→∞ γ ′n = 0, limn→∞ γn = 0 and Σ+∞n=1 γn < +∞.
Then {xn} converges strongly to the unique fixed point of T . 
Now, we turn to study the multi-step iterative process with errors for solving nonlinear strongly accretive operators
Ti x = f for i = 1, . . . , N . By virtue of the techniques in Theorem 3.1, we can prove the following Theorem 3.4.
Theorem 3.4. Let X be a real uniformly smooth Banach space and let T1, . . . , TN : X −→ X be a strongly accretive
mappings. For a fixed f ∈ X, define S1, . . . , SN : X −→ X by Si x = x − Ti x + f for all i = 1, . . . , N and suppose
that each range of Si are bounded. For arbitrary x1 ∈ X the sequence {xn} with errors is defined by
x1 ∈ X,
x1n = α1nxn + β1n S1xn + γ 1n u1n,
x2n = α2nxn + β2n S2x1n + γ 2n u2n,
...
xn+1 = xNn = αNn xn + βNn SN xN−1n + γ Nn uNn , n ≥ 1,
(3.5)
where {u1n}, {u2n}, . . . , {uNn } are bounded sequences in X and {α1n}, . . . , {αNn }, {β1n }, . . . , {βNn }, {γ 1n }, . . . , {γ Nn } are
sequences in [0, 1] with αin + β in + γ in = 1 for all i = 1, 2, . . . , N and satisfying the following conditions:
(i) limn→∞ β in = 0 ∀i = 1, 2, . . . , N and Σ+∞n=1βNn = +∞;
(ii) limn→∞ γ in = 0, ∀i = 1, 2, . . . , N − 1; and Σ+∞n=1 γ Nn < +∞.
If the systems of operator equations T1x = f, . . . , TN x = f has solution in X , then the sequence {xn} converges
strongly to the unique solution of operator equations T1x = f, . . . , TN x = f .
Proof. Since T1, . . . , TN are strongly accretive mappings, for all x, y ∈ X there exists j (x − y) ∈ J (x − y) and
ki ∈ (0, 1) such that
(Ti x − Ti y, j (x − y)) ≥ ki‖x − y‖2 ∀x, y ∈ X
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for all i = 1, . . . , N . Consider;
(Si x − Si y, j (x − y)) = ((x − Ti x + f )− (y − Ti y + f ), j (x − y))
= (x − y, j (x − y))− (Ti x − Ti y, j (x − y))
≤ ‖x − y‖2 − ki‖x − y‖2 = (1− ki )‖x − y‖2.
Hence S1, . . . , SN are strongly pseudo-contractive mappings. Let q ∈ ∩Ni=1 F(Si ) and k = min{k1, . . . , kN }. Since
{u1n}, . . . , {uNn } are bounded sequences and each range of S1, . . . , SN are bounded, we can set
d = max{ max
1≤i≤N
sup
n≥1
{‖uin − q‖}, max1≤i≤N supx∈X{‖Si x − q‖}, ‖x1 − q‖}.
By using the same argument in the proof of Theorem 3.1, we note that the sequences {xn} converges strongly to a
unique common solution of the equations T1x = T2x = · · · = TN x = f . 
For N = 3, S1 = S2 = S3, αn = β3n , βn = β2n , γn = β1n and γ in ≡ 0 for all i = 1, 2, . . . , N , in Theorem 3.1, then
we obtain the following result.
Corollary 3.5 ([17]). Let X be a real uniformly smooth Banach space and let T : X −→ X ba a strongly accretive
mapping. For a fixed f ∈ X define S : X −→ X by Sx = x − T x + f , and suppose that the range of S is bounded.
Let q be a fixed point of T and let three-step iterative process {xn} be defined by ;
x1 ∈ X,
xn+1 = (1− αn)xn + αnSyn, n ≥ 1,
yn = x2n = (1− βn)xn + βnSzn, n ≥ 1,
zn = (1− γn)xn + γnSxn, n ≥ 1,
where {αn}, {βn}, {γn} are three real sequences in [0, 1] satisfying the followings:
lim
n→∞αn = 0, limn→∞βn = 0, limn→∞ γn = 0 and
+∞∑
n=1
αn = +∞.
Then {xn} converges strongly to the unique solution of the equation T x = f . 
For N = 2, S1 = S2, α′n = α1n, β ′n = β1n , γ ′n = γ 1n , αn = α2n, βn = β2n and γn = γ 2n in Theorem 3.1, we can obtain
Ishikawa-type convergence to a unique solution of the equation T x = f .
Corollary 3.6 ([22]). Let X be a real uniformly smooth Banach space and let T : X −→ X be a strongly accretive
mapping. For a fixed f ∈ X, define S : X −→ X by Sx = x − T x + f , and suppose that the range of S is bounded.
For arbitrary x1 ∈ X the Ishikawa iteration sequence {xn} with errors is defined by{
xn+1 = αnxn + βnSyn + γnun,
yn = α′nxn + β ′nSxn + γ ′nvn, n ≥ 1,
satisfying
(1) limn→∞ βn = 0 and Σ+∞n=1βn = +∞;
(2) limn→∞ β ′n = 0;
(3) limn→∞ γ ′n = 0, limn→∞ γn = 0 and Σ+∞n=1 γn < +∞,
where αn + βn + γn = 1 = α′n + β ′n + γ ′n for all (n ≥ 1), {un, } and {vn} are bounded subsets of X. If there exists
a solution of the equation T x = f then the sequence {xn} converges strongly to the unique solution of the equation
T x = f . 
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